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ABSTRACT
We study separability of the Hamilton-Jacobi and massive Klein-Gordon equations in
the general Myers-Perry black hole background in all dimensions. Complete separation of
both equations is carried out in cases when there are two sets of equal black hole rotation
parameters, which significantly enlarges the rotational symmetry group. We explicitly con-
struct a nontrivial irreducible Killing tensor associated with the enlarged symmetry group
which permits separation. We also derive first-order equations of motion for particles in
these backgrounds and examine some of their properties.
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1 Introduction
Higher dimensional black hole solutions of the gravitational field equations are currently of
great interest due to a large number of recent developments in high energy physics. These
are particularly relevant in the context of superstrings and M-theory, which call for a higher
number of spacetime dimensions (10 or 11). Black hole solutions in these models cannot be
ignored, especially when used to describe physics at the Planck scale. Models with large
extra dimensions, which have been proposed in the context of the hierarchy problem and
GUT’s, naturally include black hole solutions with classical descriptions. Also of interest in
these models is the possibility of mini black hole production in high energy particle colliders
which, if they occur, provide a window into non-perturbative gravitational physics.
Astrophysically relevant black hole spacetimes are, to a very good approximation, de-
scribed by the Kerr metric [1]. The most natural generalization of the Kerr metric to higher
dimensions, for zero cosmological constant, is given by the Myers-Perry construction [2].
(For a recent generalization with a cosmological constant, see [3], but a nonzero cosmologi-
cal constant seems to thwart the type of separability demonstrated in the present paper, so
here we shall take the cosmological constant to be zero.) The Myers-Perry metric also does
not have charge, but since charged black holes are unlikely to occur in nature, we expect
the Myers-Perry type black holes to be the most relevant type in spacetimes with extra
dimensions.
In this paper, we analyze the separability of the Hamilton-Jacobi equation in Myers-
Perry black hole backgrounds in all dimensions. We explicitly perform the separation in the
case where there are only two sets of equal rotation parameters describing the black hole.
We use this explicit separation to obtain first-order equations of motion for both massive
and massless particles in these backgrounds. The equations are obtained in a form that
could be used for numerical study.
We study the Klein-Gordon equation describing the propagation of a massive scalar field
in this spacetime. Separation is again explicitly shown for the case of two sets of equal black
hole rotation parameters. We construct the separation of both equations explicitly in these
cases. We also construct Killing vectors, which exist due to the additional symmetry, and
which permit the separation of these equations.
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2 Overview of the Myers-Perry Metrics
The Myers-Perry metrics are vacuum solutions of Einstein’s equations describing general
rotating black hole spacetimes. The Kerr black hole in four dimensions needs an axis of
rotation specified. In higher dimensions, this specification is no longer possible. Instead,
we provide rotation parameters specifying rotations in various planes. As such, we use the
construction described below.
We introduce n = [D/2] coordinates µi subject to the constraint
n∑
i=1
µ2i = 1 , (2.1)
together with N = [(D − 1)/2] azimuthal angular coordinates φi, the radial coordinate r,
and the time coordinate τ . When the total spacetime dimension D is odd, D = 2n + 1 =
2N + 1, there are N = n azimuthal coordinates φi, each with period 2π. If D is even,
D = 2n = 2N + 2, there are only N = n− 1 azimuthal coordinates φi. Define ǫ to be 1 for
even D, and 0 for odd D, so N = n− ǫ.
In Boyer-Lindquist coordinates in D dimensions, the Myers-Perry metrics are given by
ds2 = −dτ2 + U dr
2
V − 2M +
2M
U
(
dτ −
n−ǫ∑
i=1
ai µ
2
i dφi
)2
+
n∑
i=1
(
r2 + a2i
)
dµ2i +
n−ǫ∑
i=1
(
r2 + a2i
)
µ2i dφ
2
i , (2.2)
where
U = rǫ
n∑
i=1
µ2i
r2 + a2i
n−ǫ∏
j=1
(r2 + a2j ) ,
F = r2
n∑
i=1
µ2i
r2 + a2i
,
V = rǫ−2
n−ǫ∏
i=1
(r2 + a2i ) =
U
F
. (2.3)
Note that obviously an = 0 in the even dimensional case, as there is no rotation associated
with the last direction.
Since that the metric is block diagonal in the (µi) and the (r, τ, φi) sectors, these sectors
can be inverted separately. To deal with the (r, τ, φi) sector, the most efficient method is
to use the Kerr-Schild construction of the metric. For details on construction of the inverse
metric using the Kerr-Schild form, see [4].
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We get the following components for the (r, τ, φi) sector of g
µν :
gτr = gφir = 0 ,
grr =
V − 2M
U
,
gττ = −1− 2MV
U(V − 2M) ,
gτφi = − 2MV ai
U(V − 2M)(r2 + a2i )
,
gφiφj =
1
(r2 + a2i )µ
2
i
δij − 2MV aiaj
U(V − 2M)(r2 + a2i )(r2 + a2j)
, (2.4)
Note that the function U depends explicitly on the µi’s. Unless the (r, τ, φi) sector can
be decoupled from the µ sector, complete separation is unlikely. If however, all the ai = a
for some non-zero value a, then the U are no longer µ dependent (taking the constraint into
account) and separation seems likely. Note, however, that in this case we cannot deal with
even dimensional spacetimes, since an = 0 is different from the other ai = a.
We will actually work with a much more general case, in which separation works in both
even and odd dimensional spacetimes. We consider the situation in which the set of rotation
parameters ai take on at most only two distinct values a and b (a = b can be obtained as
a special case). In even dimensions at least one of these values must be zero, since an = 0.
As such in even dimensions we take b = 0 and a to be some (possibly different) value. In
the odd dimensional case, there are no restrictions on the values of a and b. We adopt the
convention
ai = a for i = 1, ...,m , bj = b for j = 1, ..., p , (2.5)
where m+ p = N + ǫ = n.
Since the µi’s are constrained by (2.1), we need to use suitable independent coordinates
instead. We use the following decomposition of the µi:
µi = λi sin θ for i = 1, ...,m , µj+m = νj cos θ for j = 1, ..., p , (2.6)
where the λi and νj have to satisfy the constraints
m∑
i=1
λ2i = 1 ,
p∑
j=1
ν2j = 1 . (2.7)
Since these constraints describe unit (m − 1) and (p − 1) dimensional spheres in the λ
and ν spaces respectively, the natural choice is to use two sets of spherical polar coordinates.
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We write
λi =
(
m−i∏
k=1
sinαk
)
cosαm−i+1 ,
νj =
(
p−j∏
k=1
sinβk
)
cos βp−j+1 , (2.8)
with the understanding that the products are one when i = m or j = p respectively, and
that αm = 0 and βp = 0.
The µ sector metric can then be written as
ds2µ = ρ
2dθ2 + (r2 + a2) sin2 θ
m−1∑
i=1
(
i−1∏
k=1
sin2 αk
)
dα2i
+(r2 + b2) cos2 θ
p−1∑
j=1
(
j−1∏
k=1
sin2 βk
)
dβ2j , (2.9)
again with the understanding that the products are one when i = 1 or j = 1. We use the
definition
ρ2 = r2 + a2 cos2 θ + b2 sin2 θ . (2.10)
This diagonal metric can be easily inverted to give
gθθ =
1
ρ2
,
gαiαj =
1
(r2 + a2) sin2 θ
1(∏i−1
k=1 sin
2 αk
)δij , i, j = 1, ...,m ,
gβiβj =
1
(r2 + b2) cos2 θ
1(∏i−1
k=1 sin
2 βk
)δij , i, j = 1, ..., p . (2.11)
For the case of two sets of rotation parameters that we consider here, the following
symbols will be extremely useful in addition to ρ2:
∆ = V − 2M ,
Π =
N∏
i=1
(r2 + a2i ) = (r
2 + a2)m(r2 + b2)p−ǫ ,
Z = (r2 + a2)(r2 + b2) . (2.12)
Note that these are functions of the variable r only. We note that U = r
ǫρ2Π
Z
.
3 The Hamilton-Jacobi Equation and Separation
The Hamilton-Jacobi equation in a curved background is given by
− ∂S
∂l
= H =
1
2
gµν
∂S
∂xµ
∂S
∂xν
, (3.1)
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where S is the action associated with the particle and l is some affine parameter along the
worldline of the particle. Note that this treatment also accommodates the case of massless
particles, where the trajectory cannot be parametrized by proper time.
We can attempt a separation of coordinates as follows. Let
S =
1
2
m2λ−Eτ +
m∑
i=1
Φiφi+
p∑
i=1
Ψiφm+i+Sr(r)+Sθ(θ)+
m−1∑
i=1
Sαi(αi)+
p−1∑
i=1
Sβi(βi) . (3.2)
τ and φi are cyclic coordinates, so their conjugate momenta are conserved. The conserved
quantity associated with time translation is the energy E, and the conserved quantity
associated with rotation in each φi is the corresponding angular momentum Φi or Ψj . We
also adopt the convention that Ψp = 0 in an even number of spacetime dimensions.
Using (2.4), (2.11), (2.12), and (3.2) we write the Hamilton-Jacobi equation (3.1) as
−m2 = −
(
1 +
2MZ
r2ρ2∆
)
E2 +
2Ma(r2 + b2)
r2ρ2∆
m∑
i=1
EΦi +
2Ma(r2 + a2)
r2ρ2∆
p∑
i=1
EΨi
+
∆Z
rǫρ2Π
(
dSr
dr
)2
+
1
(r2 + a2)
m∑
i=1
Φ2i
µ2i
+
1
(r2 + ab)
p∑
i=1
Ψ2i
µ2i+m
− 2Ma
2(r2 + b2)
∆r2ρ2(r2 + a2)
m∑
i=1
m∑
j=1
ΦiΦj − 2Mb
2(r2 + a2)
∆r2ρ2(r2 + b2)
p∑
i=1
p∑
j=1
ΨiΨj
− 4Mab
∆r2ρ2
m∑
i=1
p∑
j=1
ΦiΨj +
m−1∑
i=1
1
(r2 + a2) sin2 θ
∏i−1
k=1 sin
2 αk
(
dSαi
dαi
)2
+
p−1∑
i=1
1
(r2 + b2) cos2 θ
∏i−1
k=1 sin
2 βk
(
dSβi
dβi
)2
− 1
ρ2
(
dSθ
dθ
)2
. (3.3)
Note that here the µi are not coordinates, but simply quantities defined by (2.6). We
continue to use the convention defined for products of sin2 αi and sin
2 βj defined earlier.
Separate the αi and βj coordinates from the Hamilton-Jacobi equation via
J21 =
m∑
i=1
[
Φ2i
λ2i
+
1∏i−1
k=1 sin
2 αk
(
dSαi
dαi
)2]
,
L21 =
p∑
i=1
[
Ψ2i
ν2i
+
1∏i−1
k=1 sin
2 βk
(
dSβi
dβi
)2]
, (3.4)
where J21 and L
2
1 are separation constants. Then the remaining terms in the Hamilton-
Jacobi equations can be explicitly separated to give ordinary differential equations for r
and θ:
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K = − m2r2 + E2
(
r2 +
2MZ
r2∆
)
− ∆Z
rǫΠ
(
dSr
dr
)2
− 2Ma(r
2 + b2)
r2∆
m∑
i=1
EΦi
− 2Mb(r
2 + a2)
r2∆
p∑
i=1
EΨi +
2Ma2(r2 + b2)
∆r2(r2 + a2)
m∑
i=1
m∑
j=1
ΦiΦj +
4Mab
∆r2
m∑
i=1
p∑
j=1
ΦiΨj
+
2Mb2(r2 + a2)
∆r2(r2 + b2)
p∑
i=1
p∑
j=1
ΨiΨj − r
2 + b2
r2 + a2
J21 −
r2 + a2
r2 + b2
L21 , (3.5)
K = (m2 − E2)(a2 cos2 θ + b2 sin2 θ) +
(
dSθ
dθ
)2
+ cot2 θJ21 + tan
2 θL21 , (3.6)
where K is a separation constant.
In order to show complete separation of the Hamilton-Jacobi equation, we analyze the α
and β sectors in (3.4) and demonstrate separation of the individual αi and βj . The pattern
here is that of a Hamiltonian of classical (non-relativistic) particles on the unit (m− 1)-α
and the unit (p − 1)-β spheres, with some potential dependent on the squares of the µi.
This can easily be additively separated following the usual procedure, one angle at a time,
and the pattern continues for all integers m, p ≥ 2.
The separation has the following inductive form for k = 1, ...,m− 2, and l = 1, ..., p− 2:
(
dSαk
dαk
)2
= J2k −
J2k+1
sin2 αk
− Φ
2
m−k+1
cos2 αk
,
(
dSαm−1
dαm−1
)2
= J2m−1 −
Φ21
sin2 αm−1
− Φ
2
2
cos2 αm−1
,
(
dSβl
dβl
)2
= L2l −
L2l+1
sin2 βl
− Ψ
2
p−l+1
cos2 βl
,
(
dSβp−1
dβp−1
)2
= L2p−1 −
Ψ21
sin2 βp−1
− Ψ
2
2
cos2 βp−1
. (3.7)
Thus, the Hamilton-Jacobi equation in the Myers-Perry rotating black hole background
with two sets of possibly unequal rotation parameters has the general separation
S =
1
2
m2λ−Eτ +
m∑
i=1
Φiφi+
p∑
i=1
Ψiφm+i+Sr(r)+Sθ(θ)+
m−1∑
i=1
Sαi(αi)+
p−1∑
i=1
Sβi(βi) , (3.8)
where the αi and βj are the spherical polar coordinates on the unit (m−1) and unit (p−1)
spheres respectively. Sr(r) can be obtained by quadratures from (3.5), Sθ(θ) by quadratures
from (3.6), and the Sαi(αi) and the Sβj(βj) again by quadratures from (3.7).
7
4 The Equations of Motion
4.1 Derivation of the Equations of Motion
To derive the equations of motion, we will write the separated action S from the Hamilton-
Jacobi equation in the following form:
S =
1
2
m2λ− Eτ +
m∑
i=1
Φiφi +
p∑
i=1
Ψiφi +
∫ r√
R(r′)dr′ +
∫ θ√
Θ(θ′)dθ′
+
m−1∑
i=1
∫ αi√
Ai(α
′
i)dα
′
i +
p−1∑
i=1
∫ βi√
Bi(β
′
i)dβ
′
i , (4.1)
where
Ak = J
2
k −
J2k+1
sin2 αk
− Φ
2
m−k+1
cos2 αk
, k = 1, ...,m − 2 ,
Am−1 = J
2
m−1 −
Φ21
sin2 αm−1
− Φ
2
2
cos2 αm−1
,
Bk = L
2
k −
L2k+1
sin2 βk
− Ψ
2
p−k+1
cos2 βk
, k = 1, ..., p − 2 ,
Bp−1 = L
2
p−1 −
Ψ21
sin2 βp−1
− Ψ
2
2
cos2 βp−1
, (4.2)
Θ is obtained from (3.6) as
Θ = K + (E2 −m2)(a2 cos2 θ + b2 sin2 θ)− cot2 θJ21 − tan2 θL21 , (4.3)
and R is obtained from (3.5) as
∆Z
Πrǫ
R = (E2 −m2)r2 + 2MZ
r2∆
E2 − 2Ma(r
2 + b2)
r2∆
m∑
i=1
EΦi
− 2Mb(r
2 + a2)
r2∆
p∑
i=1
EΨi +
2Ma2(r2 + b2)
∆r2(r2 + a2)
m∑
i=1
m∑
j=1
ΦiΦj +
4Mab
∆r2
m∑
i=1
p∑
j=1
ΦiΨj
+
2Mb2(r2 + a2)
∆r2(r2 + b2)
p∑
i=1
p∑
j=1
ΨiΨj − r
2 + b2
r2 + a2
J21 −
r2 + a2
r2 + b2
L21 . (4.4)
To obtain the equations of motion, we differentiate S with respect to the parameters
m2,K,E, J2i , L
2
j ,Φi,Ψj and set these derivatives to equal other constants of motion. How-
ever, we can set all these new constants of motion to zero (following from freedom in choice
of origin for the corresponding coordinates, or alternatively by changing the constants of
integration). Following this procedure, we get the following equations of motion:
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∂S
∂m2
= 0⇒ λ =
∫
Πrǫ+2
∆Z
dr√
R
+
∫
(a2 cos2 θ + b2 sin2 θ)dθ√
Θ
,
∂S
∂K
= 0⇒
∫
dθ√
Θ
=
∫
Πrǫ
∆Z
dr√
R
,
∂S
∂J21
= 0⇒
∫
dα1√
A1
=
∫
Πrǫ
∆Z
r2 + b2
r2 + a2
dr√
R
+
∫
cot2 θ
dθ√
Θ
,
∂S
∂J2k
= 0⇒
∫
dαk√
Ak
=
∫
1
sin2 αk−1
dαk−1√
Ak−1
, k = 2, ...,m − 2 ,
∂S
∂L21
= 0⇒
∫
dβ1√
B1
=
∫
Πrǫ
∆Z
r2 + a2
r2 + b2
dr√
R
+
∫
tan2 θ
dθ√
Θ
,
∂S
∂L2l
= 0⇒
∫
dβl√
Bl
=
∫
1
sin2 αk−1
dβl−1√
Bl−1
, l = 2, ..., p − 2 . (4.5)
We can obtain N more equations of motion for the variables φ by differentiating S with
respect to the angular momenta Φi and Ψj . Another equation can also be obtained by dif-
ferentiating S with respect to E involving the time coordinate τ . However, these equations
are not particularly illuminating, but can be written out explicitly if necessary by follow-
ing this procedure. It is often more convenient to rewrite these in the form of first-order
differential equations obtained from (4.5) by direct differentiation with respect to the affine
parameter. We only list the most relevant ones here:
ρ2
dr
dλ
=
∆Z
Πrǫ
√
R ,
ρ2
dθ
dλ
=
√
Θ ,
(r2 + a2)
dαk
dλ
=
√
Ak
sin2 θ
∏k−1
i=1 sin
2 αi
, k = 1, ...,m − 1 ,
(r2 + b2)
dβk
dλ
=
√
Bl
cos2 θ
∏l−1
i=1 sin
2 βi
, l = 1, ..., p − 1 , (4.6)
4.2 Analysis of the Radial Equation
The worldline of particles in the Myers-Perry black hole backgrounds considered above are
completely specified by the values of the conserved quantities E,Φi,Ψj , J
2
i , L
2
j , and by the
initial values of the coordinates. We will consider particle motion in the black hole exterior.
Allowed regions of particle motion necessarily need to have positive value for the quantity
R, owing to equation (4.6). At large r, the dominant contribution to R is E2 −m2. Thus
we can say that for E2 < m2, we cannot have unbounded orbits, whereas for E2 > m2, such
orbits are possible.
In order to study the radial motion of particles in these metrics, it is useful to cast the
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radial equation of motion into a different form. Decompose R as a quadratic in E as follows:
R = αE2 − 2βE + γ , (4.7)
where
α =
Πrǫ
∆Z
(
r2 +
2MZ
r2∆
)
,
β = −2MΠr
ǫ−2
∆2Z
(
a(r2 + b2)
m∑
i=1
EΦi + b(r
2 + a2)
p∑
i=1
EΨi
)
,
γ = −Πr
ǫ
∆R

 2M
r2∆

a2(r2 + b2) m∑
i=1
m∑
j=1
ΦiΦj + 2ab
m∑
i=1
p∑
j=1
ΦiΨj
+b2(r2 + a2)
p∑
i=1
p∑
i=1
ΨiΨj
)
−m2r2 − r
2 + b2
r2 + a2
J21 −
r2 + a2
r2 + b2
L21
]
, (4.8)
The turning points for trajectories in the radial motion (defined by the condition R = 0)
are given by E = V± where
V± =
β ±
√
β2 − αγ
α
. (4.9)
These functions, called the effective potentials [5], determine allowed regions of motion.
In this form, the radial equation is much more suitable for detailed numerical analysis for
specific values of parameters.
4.3 Analysis of the Angular Equations
Another class of interesting motions possible describes motion at a constant value of αi or
βj . These motions are described by the simultaneous equations
Ai(αi = αi0) =
dAi
dαi
(αi = αi0) = 0 , i = 1, ...,m − 1 , (4.10)
in the case of constant αi motion, where αi0 is the constant value of αi along this trajectory,
or by the simultaneous equations
Bi(βi = βi0) =
dBi
dβi
(βi = βi0) = 0 , i = 1, ..., p − 1 , (4.11)
in the case of constant βi motion, where βi0 is the constant value of βi along this trajectory.
These equations can be explicitly solved. In the case of constant αi motion, we get the
relations
J2i+1
sin4 αi
=
Φ2m−i−1
cos4 αi
,
J2i =
J2i+1
sin2 αi
+
Φ2m−i+1
cos2 αi
, i = 1, ...,m − 1 . (4.12)
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Note that if αi0 = 0, then J
2
i+1 = 0, and if αi0 = π/2, then Φ
2
m−i+1 = 0. Similarly, in the
case of constant βi motion, we get the relations
L2i+1
sin4 βi
=
Ψ2p−i−1
cos4 βi
,
L2i =
L2i+1
sin2 βi
+
Ψ2p−i+1
cos2 βi
, i = 1, ..., p − 1 . (4.13)
Again if βi0 = 0, then L
2
i+1 = 0, and if βi0 = π/2, then Ψ
2
p−i+1 = 0.
Examining Ak in the general case, αk = 0 can only be reached if Jk+1 = 0, and αk = π/2
can be only be reached if Φm−k+1 = 0. The orbit will completely be in the subspace αk = 0
only if J2k = Φ
2
m−i+1 and will completely be in the subspace αk = π/2 only if J
2
k = J
2
k+1.
Analogous results hold for constant βi motion.
Again these equations are in a form suitable for numerical analysis for specific values of
the black hole and particle parameters.
5 Dynamical Symmetry
The general class of metrics discussed here are stationary and “axisymmetric”; i.e., ∂/∂τ
and ∂/∂ϕi are Killing vectors and have associated conserved quantities, −E and Li. In
general if ξ is a Killing vector, then ξµpµ is a conserved quantity, where p is the momentum.
Note that this quantity is first order in the momenta.
With the assumption of only two sets of possibly unequal rotation parameters, the space-
time acquires additional dynamical symmetry and more Killing vectors are generated. We
have complete symmetry between the various planes of rotation characterized by the same
value of rotation parameter ai = a, and we can “rotate” one into another. Similarly, we have
symmetry between the planes of rotation characterized by the same value of the rotation
parameter ai = b, and we can “rotate” these into one another as well. The vectors that
generate these transformations are the required Killing vectors. The explicit construction of
such Killing vectors is done in [4]. In this case, we get two independent sets of such Killing
vectors, associated with the constant a and b value rotations.
These Killing vectors exist since the rotational symmetry of the spacetime has been
greatly enhanced. In an odd number of spacetime dimensions, if a 6= b and both are
nonvanishing, then the rotational symmetry group is U(m)× U(p). If one of them is zero,
but the other is nonzero (we take the nonzero one to be a), then the rotational symmetry
group is U(m) × O(2p). In the case when a = b 6= 0, the rotational symmetry group is
U(m + p). In the case when a = b = 0, i.e. in the Schwarzschild metric, the rotational
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symmetry group is O(2m + 2p). In an even number of spacetime dimensions, b = 0 in the
cases we have analyzed. If a 6= 0, then the rotational symmetry group is U(m)×O(2p− 1),
and in the case when a = b = 0, i.e. in the Schwarzschild metric, the rotational symmetry
group is O(2m + 2p − 1). Note that since these metrics are stationary, the full dynamical
symmetry group is the direct product of R and the rotational symmetry group, where R is
the additive group of real numbers parametrizing τ .
In addition to these reducible angular Killing tensors, we also obtain a non-trivial ir-
reducible second-order Killing tensor, which permits the separation of the r − θ equations.
This Killing tensor is a generalization of the result obtained in the five dimensional case
in [5]. This is obtained from the separation constant K in (3.5) and (3.6). We choose to
analyze the latter.
K = (m2 − E2)(a2 cos2 θ + b2 sin2 θ) + cot2 θJ21 + tan2 θL21 +
(
∂S
∂θ
)2
. (5.1)
The Killing tensor Kµν is obtained from this separation constant (which is quadratic in the
canonical momenta) using the relation K = Kµνpµpν . Its is then easy to see that
Kµν = (gµν − δµτ δντ )
(
a2 cos2 θ + b2 sin2 θ
)
+ cot2 θJµν1 + tan
2 θLµν1 + δ
µ
θ δ
µ
θ , (5.2)
where Jµν1 and L
µν
1 are the reducible Killing tensors associated with the α1 and β1 separa-
tion.
It is the existence of these additional Killing vectors and the nontrivial irreducible Killing
tensor, due to the increased symmetry of the spacetime, which permits complete separation
of the Hamilton-Jacobi equation.
6 The Scalar Field Equation
Consider a scalar field Ψ in a gravitational background with the action
S[Ψ] = −1
2
∫
dDx
√−g((∇Ψ)2 + αRΨ2 +m2Ψ2) , (6.1)
where we have included a curvature-dependent coupling. However, the Myers-Perry back-
ground is Ricci flat since it is a solution to the vacuum Einstein equations, so R = 0.
Variation of the action leads to the Klein-Gordon equation
1√−g∂µ(
√−ggµν∂νΨ) = m2Ψ . (6.2)
As discussed by Carter [7], the assumption of separability of the Klein-Gordon equation
usually implies separability of the Hamilton-Jacobi equation. Conversely, if the Hamilton-
Jacobi equation does not separate, the Klein-Gordon equation seems unlikely to separate.
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We can also see this explicitly (as in the case of the Hamilton-Jacobi equation), since the
(r, τ, φi) sector has coefficients in the equations that explicitly depend on the µi except
when of all ai = a, in which case separation seems likely. We will again consider the much
more general case of two sets of possibly unequal sets of rotation parameters a and b. We
continue using the same numbering conventions for the variables.
Once again, we impose the constraint (2.1) and decompose the µi in two sets of spherical
polar coordinates as in (2.6) and (2.8). We calculate the determinant of the metric to be
g = −r2ρ4Π(r2 + a2)m−2(r2 + b2)p−2 sin4m−2 θ cos4p−2−2ǫ θ

m−1∏
j=1
sin4m−4j−2 αj cos
2 αj


[
p−1∏
k=1
sin4p−4k−2 βk cos
2 βk
]
cos−2ǫ β1 . (6.3)
For convenience we write g = −RTABρ4, where
R = r2Π(r2 + a2)m−2(r2 + b2)p−2 ,
T = sin4m−2 θ cos4p−2−2ǫ θ ,
A =
m−1∏
j=1
sin4m−4j−2 αj cos
2 αj ,
B =
p−1∏
k=1
sin4p−4k−2 βk cos
2 βk cos
−2ǫ β1 . (6.4)
Note that R and T are functions of r and θ only, and A and B only depend on the set of
variables αi and βj respectively. Then the Klein-Gordon equation in this background (6.2)
becomes
m2Ψ =
1
ρ2
√
R
∂r
(√
R
∆Z
rǫΠ
∂rΨ
)
−
[
1 +
2MZ
r2ρ2∆
]
∂2τΨ+
1
r2 + a2
m∑
i=1
1
µ2i
∂2φiΨ
+
1
r2 + b2
p−ǫ∑
i=1
1
µ2m+i
∂2φi+mΨ−
2Ma2(r2 + b2)
∆r2ρ2(r2 + a2)
m∑
i=1
m∑
j=1
∂φi∂φjΨ
− 2M
r2ρ2∆
[
a(r2 + b2)
m∑
i=1
∂τ∂φiΨ+ b(r
2 + a2)
p−ǫ∑
i=1
∂τ∂φm+iΨ
]
− 2Mb
2(r2 + a2)
∆r2ρ2(r2 + b2)
p−ǫ∑
i=1
p−ǫ∑
j=1
∂φi+m∂φj+mΨ−
4Mab
∆r2ρ2
m∑
i=1
p−ǫ∑
j=1
∂φi∂φj+mΨ
+
1
ρ2
√
T
∂θ
(√
T∂θΨ
)
+
1
(r2 + a2) sin2 θ
[
m−1∑
i=1
1√
A
∂αi
( √
A∏i−1
k=1 sin
2 αk
∂αiΨ
)]
+
1
(r2 + b2) cos2 θ
[
p−1∑
i=1
1√
B
∂βi
( √
B∏i−1
k=1 sin
2 βk
∂βiΨ
)]
. (6.5)
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We attempt the usual multiplicative separation for Ψ in the following form:
Ψ = Φr(r)Φθ(θ)e
−iEtei
∑m
i Φiφiei
∑p−ǫ
i Ψiφm+i
(
m−1∏
i=1
Φαi(αi)
)(
m−1∏
i=1
Φβi(βi)
)
. (6.6)
The Klein-Gordon equation then completely separates. The r and θ equations are given as
K =
1
Φr
√
R
d
dr
(√
R
∆Z
rǫΠ
dΦr
dr
)
+ r2(E2 −m2) + 2MZE
2
r2∆
− 2ME
r2∆
[
a(r2 + b2)
m∑
i=1
Φi + b(r
2 + a2)
p−1ǫ∑
i=1
Ψi
]
+
2M
∆r2

a2(r2 + b2)
(r2 + a2)
m∑
i=1
m∑
j=1
ΦiΦj +
b2(r2 + a2)
(r2 + b2)
p−ǫ∑
i=1
p−1ǫ∑
j=1
ΨiΨj + 2ab
m∑
i=1
p−ǫ∑
j=1
ΦiΨj

 ,
−K = 1
Φθ
√
T
d
dθ
(√
T
dΦθ
dθ
)
+ (E2 −m2)(a2 cos2 θ + b2 sin2 θ)
+ K1 cot
2 θ +M1 tan
2 θ , (6.7)
where K, K1 and M1 are separation constants. K1 and M1 encode all the α and β depen-
dence respectively and are defined explicitly as follows:
K1 =
k−1∑
i=1
Ai +
Kk∏k−1
j=1 sin
2 αj
, k = 1, ...,m − 1 , (6.8)
where
Ai =
1
Φαi cosαi sin
2m−2i−1 αi
∏i−1
k=1 sin
2 αk
d
dαi
(
cosαi sin
2m−2i−1 αi
dΦαi
dαi
)
− Φ
2
m−i+1
cos2 αi
∏i−1
j=1 sin
2 αj
, (6.9)
and
M1 =
k−1∑
i=1
Bi +
Mk∏k−1
j=1 sin
2 βj
, k = 1, ..., p − 1 , (6.10)
and where
Bi =
1
Ψβi cos βi sin
2p−2i−1 βi
∏i−1
k=1 sin
2 βk
d
dβi
(
cos βi sin
2p−2i−1 βi
dΦβi
dβi
)
− Ψ
2
p−i+1
cos2 βi
∏i−1
j=1 sin
2 βj
, (6.11)
Then we inductively have the complete separation of the αi dependence as
Kk =
Kk+1
sin2 αk
− Φ
2
n−k+1
cos2 αk
+
1
Φαk cosαk sin
2m−2k−1 αk
d
dαk
(
cosαk sinαk
dΦαk
dαk
)
, (6.12)
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where k = 1, ...,m − 1, and we use the convention Km = −Φ21. Similarly, the complete
separation of the βi dependence is given inductively by
Mk =
Mk+1
sin2 βk
− Ψ
2
p−k+1
cos2 βk
+
1
Φβk cos βk sin
2p−2k−1 βk
d
dβk
(
cos βk sin βk
dΦβk
dβk
)
, (6.13)
where k = 1, ..., p − 1, and we use the convention Mp = −Ψ21. These results agree with the
previously known analysis in five dimensions [6].
At this point we have complete separation of the Klein-Gordon equation in the Myers-
Perry black hole background in all dimensions with two sets of possibly unequal rotation
parameters in the form given by (6.6) with the individual separation functions given by
the ordinary differential equations above. Note that the separation of the Klein-Gordon
equation in this geometry is again due to the fact that the symmetry of the space has been
enlarged.
Conclusions
We studied the separability properties of the Hamilton-Jacobi and the Klein-Gordon equa-
tions in the Myers-Perry black hole backgrounds in all dimensions. Separation in Boyer-
Lindquist coordinates is possible for the case of two possibly unequal sets of rotation pa-
rameters. This is due to the enlarged dynamical symmetry of the spacetime. We discuss the
Killing vectors and reducible Killing tensors that exist in the spacetime. In addition we con-
struct the nontrivial irreducible Killing tensor which explicitly permits complete separation.
Thus we demonstrate the separability of the Hamilton-Jacobi and the Klein-Gordon equa-
tions as a direct consequence of the enhancement of symmetry. We also derive first-order
equations of motion for classical particles in these backgrounds, and analyze the properties
of some special trajectories.
Further work in this direction could include the study of higher-spin field equations in
these backgrounds, which is of great interest, particularly in the context of string theory.
Explicit numerical study of the equations of motion for specific values of the black hole
parameters could lead to interesting results.
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